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Fix a positive integer n, and let iS(R") denote the vector space of complex- 
valued smooth functions f{x) on R" such that / and all of its derivatives are 
bounded functions on R", and moreover they are rapidly decreasing in the 
sense that 

r)d{f3) 

are also bounded functions on R"' for all multi-indices a, (3, where d{f5) 
denotes the degree of /3, which is to say the sum of its components. Thus 
5(R") contains the smooth functions on R" with compact support as a linear 
subspace. Also, 5(R") contains the Gaussian functions exp{—A{x)-x), where 
A is a positive-definite symmetric linear transformation on R", and x ■ y is 
the usual inner product defined by 

n 

(2) x-y = ^Xjyj. 

i=i 

The space iS(R"') is commonly known as the Schwartz class of rapidly 
decreasing smooth functions on R". If /i, /2 are functions in the Schwartz 
class, then the sum /i + /2 and the product /i /2 also lie in the Schwartz 
class. If / G iS(R"), then each translate f{x — a) lies in 5(R"') too, and 
derivatives of / of all orders are also elements of iS(R"). Furthermore, the 
product of / with a polynomial, or a function of the form exp{i b ■ x) , b G R", 
lie in S{W) too. 

Let f{x) be a function in the Schwartz class on R". Because / is rapidly 
decreasing, it follows that / is integrable on R". Thus we can define the 
Fourier transform of / as usual by 

(3) m= I f{x)exp{-2m^-x)dx. 
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Just as for any integrable function on R", or any finite measure, the Fourier 
transform is a bounded continuous function on R", and even uniformly con- 
tinuous. For functions in the Schwartz class we have a much stronger result, 
namely that the Fourier transform also lies in the Schwartz class. 

Indeed, / is a bounded continuous function on R", and for each multi- 
index a we have that x°' f{x) is an integrable function on R", and hence 
its Fourier transform is also a bounded continuous function on R". Using 
this one can show that / is smooth, and that derivatives of all orders of 
/ are bounded. For each multi-index f3 we have that f{^) is a constant 
times the Fourier transform of {d^^^'> / dx^) f [x] , which implies that f{i) 
is the Fourier transform of an integrable function, and is therefore bounded. 
Similarly one can show that derivatives of all orders of / decay rapidly, so 
that / e 5(R"). 

If (p is an integrable function on R", then the inverse Fourier transform 
of (f) is defined by 

(4) 4){y) = / 0(77) exp(27ri y ■ 77) dr]. 

As for the Fourier transform, the inverse Fourier transform of an integrable 
function, or more generally a finite measure, is a bounded uniformly contin- 
uous function on R". If e <S(R"), then e «S(R") too, for essentially the 
same reasons as for the Fourier transform. In general, if / is a continuous 
integrable function on R" such that / is also integrable, then the inverse 
Fourier transform of the Fourier transform of / is equal to / again. In par- 
ticular, this applies to the case where / is in the Schwartz class, since the 
Fourier transform of / is then in the Schwartz class as well. 

Similarly, if is a continuous integrable function on R" such that is 
integrable, then the Fourier transform of is defined. Under these conditions 
the Fourier transform of the inverse Fourier transform of is equal to 0, and 
in particular this holds when cp G iS(R"'). 

To summarize a bit, the Fourier transform and inverse Fourier transforms 
define linear mappings from the Schwartz class into itself which are indeed in- 
verses of each other. It follows that the Fourier transform and inverse Fourier 
transform are one-to-one linear mappings of the Schwartz class onto itself. 
Thus every element of the Schwartz class arises as the Fourier transform of 
an element of the Schwartz class. 

If /i, /2 are two elements of the Schwartz class on R", then the convolu- 
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tion of /i and /2 is defined by 

(5) (/i*/2)(x)=/ h{y)h{x-y)dy. 

The Fourier transform of /i * /2 is equal to the product of the Fourier trans- 
forms of /i, /2. Because /i, /2 are elements of the Schwartz class, so are their 
Fourier transforms. The product of the Fourier transforms of /i, /2 therefore 
lies in the Schwartz class, and one may conclude that /i * /2 is an element of 
the Schwartz class too. 

For each function / in the Schwartz class on R" and each pair a, /3 of 
multi-indices, define ||/||q,/3 to be the supremum of the absolute value of (1) 
over all x G R"^. This defines a scminorm on /, which means that if /i, /2 
are elements of the Schwartz class, then ||/i + /2||a,/3 is less than or equal to 
the sum of ||/i||a,/3 and II/2I !«,/?, and that if / is an element of the Schwartz 
class and c is a complex number, then ||c/||q,,/3 is equal to the product of 
the absolute value of c and ||/||a,/3- Using this family of seminorms on the 
Schwartz class we get a topology, which is generated by finite intersections 
of balls defined with respect to the seminorms. 

It is perhaps more convenient to think of this topology in terms of se- 
quences. Namely, if is a sequence of functions in the Schwartz class 
and / is another function in the Schwartz class, then converges to / 
in the topology determined by the seminorms if and only if — /H^,/? ^ 
as J — CX3 for all multi-indices a, j3. We can say that a sequence {fj}Y=i 
of functions in the Schwartz class is a Cauchy sequence if \\fj — fi\\a,i3 ^ ^ 
BS j,l — > 00 for all multi-indices a, (5. One can show that the Schwartz 
class is complete in the sense that any Cauchy sequence in the Schwartz 
class converges in the sense just defined to an element of the Schwartz class. 
The Fourier transform and inverse Fourier transform are continuous linear 
transformations from the Schwartz class to itself. 

The vector space operations of addition and scalar multiplication define 
continuous mappings from the Schwartz class to itself, as does multiplica- 
tion of two elements of the Schwartz class. Linear transformations on the 
Schwartz class defined by differentiating a function in the Schwartz class to 
some order, or multiplying it by some fixed polynomial, are also continuous. 
The Schwartz class on R" is a basic and natural example of a topological 
vector space which is a Frechet space, which means that the topology can be 
defined by a countable family of seminorms and that the space is complete, 
while the topology is not determined by any single norm. 
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By a tempered distribution on R'^ we mean a continuous linear mapping 
from the Schwartz class on R" into the complex numbers. Explicitly, a linear 
functional A on iS(R") is continuous if there is a positive real number C and 
a finite collection of pairs of multi-indices ai, Pi, ... , ai, (3i such that |A(/)| 
is less than or equal to C times the sum of ||/||aj,^j over 1 < j < Z for all 
functions / in the Schwartz class. A basic class of examples consists of linear 
functional A defined by setting A(/) equal to the integral over R" of the 
product of / and a continuous function h of polynomial growth. If A is a 
tempered distribution and a is a multi-index one can define the d'^^°'^/dx°' 
derivative of A as a tempered distribution by saying that this distribution 
applied to a function / in the Schwartz class is the same as (— times 
A applied to {8'^^°'^ dx") f , which is the same as what one would get by inte- 
gration by parts if A is defined by integration of / times a smooth density h. 
Similarly, one can define the Fourier transform A of a tempered distribution 
by saying that A(/) is equal to A(/) for all / in the Schwartz class. 
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